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Let f(z) = Y0 ax2* be an entire function, and set M(r) = max, <, | f(2)|.
As usual, f(z) is of order p [2, p. 8]if

lim sup log log M(r)

<
r->w logr (0 < P o= w)'

f(z) is of type 7 and lower type w corresponding to the order p (0 < p < o)
if
lim P MO T < r < o). (1)

ro0 inf r w

An entire function f(z) is of perfectly regular growth (p, 7) [5, p. 45] if and
“only if there exist two (finite) positive constants p and = such that

lim E)&%I_(_rl =7 Q)
For an entire function /- real and 40 on [0, o), we set
1y . 1
Mun = (7) = min max | ra) = sl @)
where
mn = z:((xx)) > Pm(X) €y qn(x) ETy -

7., denote the class of all real polynomials of degree at most m. =, , denote
the class of all rational functions of the form r,, ,(x).

It is known [5, p. 45] that if f(z) is of type 7 and lower type w,
0 <w<7< o0, then

lim sup = | a, |°/" = =, @)
el Pe
. . n
lim inf 22| a,, /"> > o, )
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for a sequence of numbers n, satisfying the condition

. n x
lim sup -2 < 21| (6)
p© ny X

where x, is the largest and x, the smallest root of the equation
X, w
xlog—e—+—1_——»0. @)

The following theorem relates lim sup (A, ,)'/* to the growth of f.

N0

THEOREM A [3, Theorems 2 and 3]. Let f(z) be an entire function of
perfectly regular growth (p, 7) with nonnegative coefficients, then

. 1
< lim sup o, " < =7

®)

22+1/p

In the same direction we have also the following more general result.

THEOREM B [4, Theorem 6]. Let f(z) = Yy arz*, with a, >0 and
a, =0 for all k = 1, be an entire function of order p(0 < p < o0), type 7
and lower type w such that 0 < w < 1 << 0. Then

lim sup (Ay )V* < 1. ®
Whenever Theorem A can be applied, it gives a better upper bound than
Theorem B. But Theorem B is valid for a wider class of entire functions.

The aim of this note is to improve, under certain conditions, Theorems A
and B.

THEOREM C. If f(2) = Yroo Gu2*, With a; = 0 for all k > 0, is an entire

Sfunction of order p(0 < p < ), type 7, and lower type w, with 7 < 2w,
0 <w< 1< 0, then

, (10)

xg/ 0%
lim sup (o, < (-5) 1

n—ow 2w

where x, and x, are as above.

Remarks. The right inequality (8) follows from (10), because 7 = w
implies that x; = x, . In (10), if w is very close to 7, then we have a better
bound than in (9) for this class of functions. Hence, this theorem is also
more general than Theorem B.
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Proof of Theorem C. The proof of this theorem is very similar to the proof
of Theorem A with one difference. In the proof of Theorem C we sue (4)
and (5) instead of (2.4) and (2.5) of [3]. Then, instead of (3.7) of [3] we arrive at

. 1/2n,-1 T \°
lim sup (gan, """ < () ()
where

1 1
= S — > .
&= s T, e

Now from the definition of g, it is clear that
n*, (12)

=
For any large n, choose an n, so that 2n, — 1 < n < 2n,,;, — 1. From (12),
we have

8m K En s mzn

1/n 1/n  __ 1/ @ny—1N\(2n,—1)/n
8 S 8ampa = (8ot )7

With the restriction 7 < 2w, it is clear from (11) that g},*"; " is less than

one for p sufficiently large. Now, replacing » in the exponent of the above
expression by 2n,,,, — 1 gives
g:‘/n <( g;:':f_nf,—l))an—l)/(2n,,+1+1)' (13)

We know from (6) that

. n x
lim sup 2 =L

~ ]
P> nz, xz

This inequality along with (11) and (13) gives

T )wglnzl

lim sup ()" < (5= (14)

By noting that A, , < g, for all large n, (10) follows from (14).

THEOREM D. Let f(z) = Yrarz®, a, =0 for k >0, be an entire
Junction of order p(0 < p < 0), type 7 and lower type w with < 6w for
some 8 < 2,and 0 < w < 7 < . Then

.. w P
fim inf Qg /" > () (15)

Remarks. For functions of perfectly regular growth, the left inequality (8)

follows from (15).
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Proof of Theorem D. The coefficients of f(z) being >0, we have from (2),
for all ¥ = rye),

0 <flx) <f(r) = M(r) < e,

(16)
0<x<r, r = rye) for n = nyfe).
Now one has from (16)
n 1/o
- n(l+e) /20
0<f0) <f((5,5) ) S erwom,
17)
n \1/° (
ngg(m) , 1 = nye).

Next, consider ry, = 1/p,* from =, , which gives best approximation in the
sense of (3), that is

. 1 1
Ao‘n = 1}:}1611}" max ! m - m . (18)

From Theorem C it follows that
et /2o < (A )1 for all n > n(e). (19)
Indeed, if (19) is false, then
(Ao,n) = e mLte) /20 for a sequence of values of 7.
Hence, € being arbitrary,

lim sup (g, )i > 1/, (20)

n—->w

But from Theorem C, we have

lim sup (A, )V/" < ( 21- )xz/pacl

n—>00 W

Equation (20) fails to be true if

zg/02y

1/ett/2on >( T ) ) @1

2w

We can make (21) valid by properly choosing = and w.
From (17) we have
F) < Qo™ 0<x < (5

)" 0> maxim(@, m9) = . @2
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Equation (18) gives, with a little calculation,

__ ) *(y) — i O
FO+ Gyt SO —IOSsaoa T @
0<x < (—2%)1/9, n =i

Because the right side of the above inequality is monotonic increasing with x,
we can write, from (17),

N < en(1+s)/p 0< < n \Y/e < 7 4
\pn (X) '_f(x)i = ()‘o,n)_l —entrasz KX & (‘2‘7;) , = n. (2 )
Now let

. n \»

Ey= inf,sup || r(¥) — f(),0 < x < (?E) § (25)
According to (24), we have
entte)/e
E, < n = fi (26)

= ()\0 o)1 — enil+ea/ze ’

To obtain a lower bound for £,, we use a result of Bernstein [1, p. 10]
which gives for the interval [0, (n/27p)'/*],

n o\ (M /o fint1(0) _(n D Gun
En > (—2_7-;)) 2ol - 1) (2—.,;) Fentl @7
Now by (26) and (27) we have
n Do g eril+e)/o i
(Trp) 22;:1 S o)t — erirars > n = #. (28)

From (5) we have, for a sequence of numbers n,, ,

ew(l — €) \"rn/?
> (L0 =)™, p.
P

Unpin
For this sequence n,, , the left side of (28) is bounded below by

(ﬁu)ml/p Vp = pile).

722041
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Consequently, from (28) we have, for all largn = n,,

(1 —_ E)1/0 w7 1 .
( e€/p)2+(1/o)r1/p ) == (AO n)——l — eNl+e) /20 ? (29)

where

I— 2(1 — e)lfe wl/e
- 22+(1/e)1/p

Now‘(29) holds true for all large », only if
(Ao,n,,)_l/np < 22+(1/p)7_1/pee/p(1 . E)—-1/0 w Ve, (30)
If (30) is not true, then

(Ag,n) 1" > 22+1/egliseele(] — e)~leey~1lp foralln > n,.

That is

(1 —_ E)l/p wl/eyn 1
Iy, <T ( ST gl ) < Oe )T = v for all large n.
Therefore,

(Ag,n)™t — ential/ze < T')l\ for all large n. 3D

0,n

Equation (31) gives, after a simple calculation,

. 1
111'1'1 gonf (Ao, )t/ > ST > (32)

But according to Theorem C,

g/ py
lim sup (o, " < (5=) 33)
and
1 T &/ 02y
oL/ (20} = ( 2w ) : @1

Hence (32) is false and (30) holds. From (30) we obtain with a little cal-
culation

. ) " w 1/o
lim inf Q.0 > (55)
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Now following the techniques used at the end of Theorem C, we have

.. w 7™

lim inf Qo0 > (7]

THEOREM E. Let f(z) = Yy, aw2* be an entire function of order

p(0 < p < ), type 7 and lower type w, T < 2w(0 < w < 7 < ), with
nonnegative real coefficients. Then

(z%)xl/% < lim inf (g < () (34)
(£2)" < timsup (g/e < (5= )/ (35)

Remark. If 7 = w, then as we have observed earlier, x; = x,. Hence,
taking in (34) and (35) 7 = w, we obtain Theorem 1 of [3], that is,

. - 1
!’]_I)g (gn)ll = 2V (36)
Proof of Theorem E. From the hypothesis we have

Y % n+1
1 1 D kent1 QX Qni1X Vx >0, Vn = n*.

s(x) T fEsx T
With n + 1 = n,, we have from (5),

1 1 { (pw — €)ntl /o xnil

X N € N M = VT N 2%

We know from (16) that there exists an R,(¢) > 0 such that

Vx>0, p=pie).

F(x) < e telns x> Ry(e).

Therefore,

(37

1 1 > ( (pw — €)*t1 )1/" o xni
so(x)  f(x) (n+ 1) e2lrHte/onaP ’

n+1= Hy, p = pl(e), x > Rl(‘)'

With x*» = (n 4+ 1)/(2(p7 -+ €)), which is compatable with x > R;(¢) if n is
large, we obtain from (37):

(n+1) /o
e—{ntl) /o,

(pw — €)n+1

e n+1
(n+ 1)!

2pr + ©)

8n >
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Hence, it readily follows that
1/mp~-1 170
lim inf (gn,2) > (72 ) . (38)

Using the same technique that established (14) from (11), we obtain from (38)

1 /290

lim inf (g,)1/" > (%) . (39)

Now (34) follows from (11) and (39), and (35) follows from 14) and (38).

Some remarks on Theorems C and D. For functions of perfectly regular
growth (p, 7) we have from Theorems C and D

1

lim inf (A, < lim sup G, )V" < 317

Pl < (40)
Equation (40) suggests that the limit may exist for a certain class of entire
functions; (40) also suggests that one cannot replace 2 on the right by any
number greater than 2 for any p.

THEOREM F. Let f(2) = Yy o @xz*(@ > 0, a; = 0 for all k > 1) be an
entire function of order p(0 << p << ), type v and lower type w, such that
0 <w< 1< 0. Then

Hmsup Qo)™ < =y, f @ < 2per logld@te — 1)), (41)
1 .
llm sup (AO ") n —4—@/7;“*‘5 5 if w>= 2pe-r 10g[4(21/ - 1)]. (42)

Proof. For each r >0, let g,(x;r)em, denote the best Chebyshev
approximation to f'in [0, r] so that

”f"—' qn(a r)”[(];r] == aigg Hf_ Op ”[0;7-] = on(r)' (43)
It is known that there exist points 0 < x;(r) << x5(r) << =» < X, u(r) <r

such that q,(x;(r); r) = f(x;(r)), 1 <j < n -+ 1. By expressing g,(x;r) as
a Newton interpolation series, we have

53 F) = FOaP)) + FIrr), 3)Ix — x(r)) + -
D Faa)] - TT 6 = 50,
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where f(x,(r),..., x;.1(r)] is the devided difference of f at the points
X1(r),..., X;21(r). It is known that

fla(r)see, xa(O] = (FOEDY,  where x(r) < § < x;a(r).

Since the a; are all >0, the same holds for the divided differences. So
q.(x; r) is monotonically increasing as a function of x for all x > r. Now let

P(x;r) = gu(x;r) + 8,(r), for each n = 0.
From (43), it is evident that
Pux;r) = f(x) = f(0) >0, forall x € [0, r]. (44)

Moreover, from the monotone nature of P,(x; r) as a function of x for all
x > r, we also have that

Px;ry=f(r) forallx>=r.
But

f@X) =fr)>0 forall x > r.

Therefore, from the above two inequalities,

1 1 2
lf(x) T PGT) ' < 70 forall x = r. 45)
On the other hand, it follows from (43) that

Pu(x;r) — f(x)

11 g 28.(r)
if(x) Pn(x;r)'_l JF(x) Pu(x; 1)

f30) °
Now by using again a result of S. N. Bernstein [1, p. 10} over the interval
[0, r], along with the hypothesis that the Taylor coefficients are >0, we have

’ < xe[0,r]. (46)

floti(p) pria

H0 S

That is,

r*tt D Gun 14+ )0
0 < g L7 F i)

Now from (4) we have, for sufficiently large #,

e(r +
Upriyn S ';IE—_%_T}‘—_‘%_%

@7)

(n+i+1) fo

, for j=0,1,2,3,...
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By substituting this in (47), we obtain

ntl © ) 14 )i
8.r) < 2r2n+1 Z A+ 1+)r

(o + DIG)!
< prtl 2 ( pe(T + €) )(n+1+.'i)/p j(n -+ 1 'f‘j)'
S L\ T CESNIO)

<oy

ok § (O P L
j=0

(n+1) n+1 ( + DG
Now choose
per )\ 1
r( (n + 1) ) - /o " (48)
Then
- 2 1 (n+4 1+
8n < 2("+1)D 1ion41 )
= 2("+1)0_1+2'n+1 (_21—/291/0—1)"+2,
that is
/e
8,(r) < WAL — [yeE
so that,

11 ‘ < 254(r) 21/e
f(x) Py(x;r) o= ay? = w1/ — )2 g2

xe[0,r]. (49)

From the definition of lower type we have f(r) > e’ @9, r > r,.
Now substituting in this inequality the value of r from (48), we have

f(r)}exp((nz_;eg(iz)e) ), rer..

From (45) and this inequality,
2 2

< .
R ACES) CEDN
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Hence
1 1 2 2
7 EEn | S0 S g (eihe ey 7T
P 2pe(T + €)

Now if we set P,(x) = P.(x;r) = P.(x; r(n)), we have from (49) and (50), ¢
being arbitrary,

TP P

If w < 72pe log[4(21/# — 1)], then clearly (41) follows, while if
w > 12pe log[4(21/» — 1)],

v I | { 1)

< max ( 4(21/0 — 1) > pw/2oeT {°

then (42) is valid.

Remark on Theorem F. Theorem F also improves Theorem A. Unlike
Theorem C, this theorem strongly depend on the order p of the function via
(41) and (42).

THEOREM G. Let f(z) = Ypo@z* (@ >0, @, >0, k=1,2,.)
be an entire function of order p(0 < p << ), type 7 and lower type
o0 < w < 7 < o). Then

1
; 1/n < .
Im;j:)-lp (Ao.n) = o /[oer(1+2 /7))

(52)

Proof. The proof proceeds along the same lines as that of Theorem F,
except that we choose here instead of (48),

( pfrETJ:rl)e) )1/,, g (48)

T2 1
Then we obtain instead of (51),

1/n

< max 1 1 ). )

. 1
lim su
P 22+1/0 ’  pw/oer(1+81/P)P

nsuo | 705~

Here, obviously, 1/22+1/p < 1/ew/eert+2'PP for any p(0 < p < ), 7 and
o0 < w < 7 < o0). Hence (52) follows.

Remarks on Theorem G. This theorem includes Theorem B. Theorems C,
F and G suggest that by restricting the growth of the function, one can get
better upper bounds.
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Note added in proof. Since this paper was submitted for publication, much progress

has been made in several directions; the interested reader may refer to Refs. 6-11,

W

10.

11.

12.
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